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Diffusion in a smectic liquid crystal with screw dislocations

Robin L. Blumberg Selinger
Physics Department, Catholic University of America, Washington, DC 20064

~Received 14 September 2001; published 15 April 2002!

Screw dislocations provide barrier-free pathways that enhance interlayer diffusion in smectic liquid crystals
and other layered materials. To explore this contribution to interlayer diffusion we study a ‘‘random parking
garage’’ model in which a random walker can move between layers only by circling a dislocation core. We find
that in such a layered system with a density ofr screw dislocations per unit area, with randomly chosen
position, Burgers vector and phase, the ratio of interlayer to intralayer diffusion coefficients isD i /D'

5(rb2/4p)ln R/a. Hereb is the layer spacing,R is the layer radius, anda is the dislocation core size. Monte
Carlo simulations are in agreement with this result. We discuss implications for both molecular simulation and
experimental studies of diffusion in smectics.
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In crystalline solids, transport properties depend se
tively on microstructure, and similar effects may be expec
in soft condensed matter. Here we explore one special
where the role of defects is particularly important: diffusi
in a layered system such as a smecticA liquid crystal.

Self-diffusion in a smectic is anisotropic, as molecu
diffuse freely within each liquidlike layer~with diffusion co-
efficient D') but must overcome a free energy barrier
jump between adjacent layers~diffusion coefficient D i ).
Self-diffusion between layers may also occur as a two s
process with an intermediate state in which a molecule lie
a transverse orientation sandwiched between adjacent la
@1#.

Screw dislocations can significantly enhance interla
diffusion in a smectic by providing barrier-free diffusio
pathways. In an experimental study of permeation in sm
tics, Chan and Webb@2# suggested that the ratio of in plan
to interlayer self-diffusion coefficients in a defect-free ly
tropic smectic might be as high asD' /D i'1012, but the
presence of defects in the microstructure could reduce
ratio to order unity. Molecular dynamics simulation studi
of a Gay-Berne smectic also suggest that in the absenc
dislocations, the ratio of the two diffusion coefficients
large@3#. A study of aligned hard spherocylinders in a sme
tic phase with no dislocations@4# produced a ratio of only
D' /D i'7, but the suppression of fluctuations in molecu
orientation probably increases the frequency of interla
jumps. Interlayer jumps also increase in frequency close
the smectic-nematic transition@5#.

Screw dislocations running vertically through the laye
of a smectic contribute to interlayer diffusion in two distin
ways. First, the core region of a dislocation may be dis
dered, without well-defined layers, so it could serve a
diffusion ‘‘pipe’’ in which vertical diffusion is more like that
in the nematic phase. From this effect we expect an enha
ment of the interlayer diffusion that is simply proportional
the screw dislocation density. Second, screw dislocati
make helical connections between layers, providing barr
free pathways for interlayer diffusion. If a molecule diffusin
laterally happens to circle a screw dislocation core, it mo
from one layer to another without encountering an ene
barrier. If screw dislocations are distributed at rando
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through a sample, then self-diffusion represents diffusion
disordered medium~see, e.g.,@6#! though in this case the
‘‘medium’’ is composed of the same material as the rand
walker.

How does this ‘‘spiral staircase’’ effect contribute to th
interlayer diffusion? To answer this question, we consider
problem of a random walk in a ‘‘random parking garage.’’
a multilevel parking garage, levels are often connected
spiral paths reminiscent of screw dislocations. Here
imagine a layered system with screw dislocations perp
dicular to the layers inserted at random points throughout
structure. While line defects in a smectic could, in princip
be mobile, we treat their positions here as quenched ran
variables, assuming that they are pinned by heterogene
on the bounding surfaces of the liquid crystal cell.

To construct the model, we start with a simple cubic l
tice of size L3L3L, then insert screw dislocations wit
densityr per unit area, all lying parallel to thez axis. Thei th
dislocation has Burgers vectorbi , with length of one lattice
spacing, pointing randomly in the1z or 2z direction; a
random phasef i between2p andp; and core centered at
random position (xi ,yi). For a system withN dislocations,
the vertical displacement of any point in the lattice can
expressed as a sum over dislocations@7#

z~x,y!5 (
i 51,N

bi

2p FarctanS y2yi

x2xi
D1f i G . ~1!

Here the inverse tangent function calculates the angle
tween thex axis and a line from a dislocation core to th
point (x,y). The arbitrary phasef i ensures that there is ro
tational symmetry in thexy plane, e.g., there is nothing spe
cial about thex axis. We have not taken into account disto
tions of the nematic director associated with scr
dislocations in smectics, but only the layer displaceme
@8#. After the layer displacements are calculated, connecti
between layers are made based on nearest neighbor bon
The result is a random parking garage structure with para
screw dislocations in random locations.

A random walker starts at an origin in the center of t
lattice and makes random steps in the transverse direct
only, moving along thexy layer. If the density of screw
©2002 The American Physical Society02-1
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dislocations isr50, then there is no vertical diffusion at al
However if screw dislocations are present, adjacent lay
are bridged by spiral staircases and the random walker
move vertically through the lattice even though it only mak
lateral ‘‘in-layer’’ steps. A random walker diffusing in thi
way near a dislocation core is shown in Fig. 1.

Monte Carlo simulations of this system have been carr
out for random walks of length 200 steps on systems w
dislocation density ranging fromr50.001–0.005 per uni
area. For each value ofr, 2000 random dislocation configu
rations were generated, and 10 000 random walks perfor
on each. In Fig. 2~a! is shown the mean squarez displace-
ment vs time for different values of the dislocation densityr.
We find that the effective interlayer diffusion coefficient, th

FIG. 1. A screw dislocation provides a barrier-free diffusi
pathway for a random walker to get from one layer to another i
layered structure.

FIG. 2. Monte Carlo simulation results:~a! mean square dis
placement̂ z2& vs time measured in steps, for dislocation densit
r50.001–0.005 per unit area, in a system of size 5003; ~b! ratio of
diffusion coefficientsD i /D' as a function of dislocation densityr.
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slope of each line, is directly proportional tor, as shown in
Fig. 2~b!. This series of simulations was carried out on
system with lateral dimensionL5500. We note that it is not
practical to implement periodic boundary conditions for
lattice containing a random array of screw dislocations d
to incompatible displacements on opposite faces.

Curiously, the diffusion coefficient also depends weak
on system size: random walks of length 200 steps prod
somewhat different values of the diffusion coefficient if th
are carried out on lattices of sizeL5500 or L5800. This
result seems counterintuitive: why does the size of the lat
matter, as long as it is big enough that random walks do
hit the edge? How could dislocations that are far beyond
range of the random walker change its interlayer diffus
rate?

The answer is that every dislocation contributes to
displacements of each point in the lattice. A larger syst
size with fixed dislocation density means more dislocatio
this in turn increases the overall roughness of the layers.
demonstrate this result via an analytic calculation. At t
origin x50,y50 a random walker’s initialz position is

z05z~x50,y50!5(
i 51

N
bi

2p FarctanS yi

xi
D1f i G . ~2!

The random walker makes a step of lengthDx ~the lattice
constant! each time stepDt. Imagine that its first step is in
the 2x direction; then its vertical displacement is, aga
summing overN dislocations:

z2z05(
i 51

N
bi

2p FarctanS yi

xi1DxD2arctanS yi

xi
D G . ~3!

Here the random phasesf i have canceled. Using the ap
proximation f (x1Dx)2 f (x)5(d f /dx)Dx, we find

z2z05(
i 51

N
biDx

2p F ]

]x
arctanS yi

xi
D G5(

i 51

N
biDx

2p S 2yi

xi
21yi

2D .

~4!

To calculate the mean squarez displacement̂ (z2z0)2&,
we square this expression and sum overbi56b. ~That is,
we are averaging over an ensemble of possible disloca
configurations.! Only terms containingbi

2 are nonzero,

~z2z0!25(
i 51

N S biDx

2p D 2S yi
2

~xi
21yi

2!2D . ~5!

To complete the ensemble average over dislocation c
figurations, we convert from a sum over individual disloc
tions to an integral over the plane in polar coordinates, w
a densityr dislocations per unit area

^~z2z0!2&5rS bDx

2p D 2E E r 2sin2~u!

r 4 rdrdu. ~6!

Carrying out the integral, we find a logarithmic dive
gence that requires the use of a system size cutoffR and a
microscopic~e.g., core size! cutoff a. R is a layer radius,
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approximately half the system sizeL if the layers are square
After one step the mean squarez displacement is

^~z2z0!2&5
rb2~Dx!2

4p
ln

R

a
. ~7!

Carrying out this same calculation for a random walk who
first step is in any of the other three directions produces
same result. After one time step, we should have^(z
2z0)2&5D iDt, and withD'5(Dx)2/Dt, we conclude that
the ratio of diffusion constants in the random parking gara
model is

D i /D'5
rb2

4p
ln

R

a
. ~8!

Thus the effective interlayer diffusion rate is proportion
to the screw dislocation density per unit area, and diver
weakly with system sizeR. We carried out Monte Carlo
simulations of the model with sizeL52R ranging from 100
to 800, and find results in agreement with Eq.~8! using a
core sizea50.1. Comparison of simulation and theory
shown in Fig. 3 and shows close agreement.

In interpreting this result, we must reconsider the valid
of our assumption that the spatial distribution of screw d
locations in a smectic is random and not in some way co
lated. While elastic interactions of screw dislocations in cr
tals are normally long ranged, in smectic liquid crystals th
are short ranged, dropping off exponentially. For this rea
we can safely assume that random surface pinning domin
over elastic forces at least in the low density limit, where
typical distance between neighboring dislocations greatly
ceeds the cutoff length for elastic interactions. It is precis
because of this type of pinning that it is difficult to anne
dislocations out of a smectic cell.

However the logarithmic divergence predicted in Eq.~8!
cannot go on forever, as the two diffusion coefficients m
both remain finite. For a given dislocation density, the p
dicted behavior must break down above a characteristic
tem size, because the distortion of an individual sme
layer cannot increase without limit. If the local curvature
too high, the layer structure will simply break up.

FIG. 3. Ratio of diffusion coefficientsD i /D' as a function of
system radiusR from Monte Carlo simulations with dislocatio
densityr50.005 per unit area. Simulation data are in close agr
ment with Eq.~8! with one adjustable parameter, the dislocati
core sizea50.1.
05170
e
e

e

l
s

-
-
-
y
n
tes
e
x-
y
l

t
-
s-

ic

Even in systems well below this limiting size, one mu
also consider whether short-range correlations in disloca
positions could affect diffusion. For instance, consider
smectic threaded by a random distribution of dislocation
poles, where each dipole consists of two parallel screw
locations of opposite Burger’s vector at fixed separation, i
random orientation. Visualization of a dislocation dipo
shows that the region between screw dislocation cores is
sentially a narrow ‘‘ramp’’ leading from one layer to th
next. ~This double-screw structure with a central ramp
indeed found in many parking garages.! Without doing a
detailed calculation, we can guess that the interlayer di
sion coefficient would be simply linear in the density of su
ramps with no system size dependence at all. Thus the in
duction of strong correlations may destroy the logarithm
divergence in Eq.~8! entirely, while the linear dependenc
on overall dislocation density remains.

What are the implications for understanding experimen
and computational measures of anisotropic diffusion? Sc
dislocations in a smectic do not interrupt the director fie
and thus cannot be easily observed via microscopy. Yet
perimental studies of interlayer diffusion in bulk smecti
and other layered materials may give irreproducible res
unless dislocation density is taken into account. The logar
mic dependence ofD i /D' on system size is weak, if it exist
at all, but could be observable at small length scales.

Smectics containing screw dislocations can be studied
molecular-scale simulation, so it is possible, in principle,
use molecular dynamics to examine competing mechani
for interlayer diffusion including the spiral staircase effe
Unfortunately simulations containing dislocations can
somewhat complicated by the imposition of periodic boun
ary conditions. The requirement of compatible displaceme
on all periodic surfaces greatly restricts accessible dislo
tion structures. Even a single screw dislocation running p
allel to thez axis produces displacements on four sides of
cell that are inconsistent with simple periodic boundary co
ditions. Slip boundary conditions@9# that also incorporate
twist could solve this difficulty at least for some simple ce
geometries.

Also, because dislocations cannot terminate within b
material they either form loops or make connections acr
periodic boundaries, and this topological constraint restr
straight dislocations to specific angular orientations. A dis
cation can lie parallel to a cell boundary, for instance, or
evenly spaced array of like-signed dislocations~e.g., in a
twist grain boundary phase@10#! can lie only at a discrete se
of angles that allow connections across the periodic
boundaries.

Because of these topological constraints, researc
simulating dislocation microstructures in crystalline soli
tend to use open boundary conditions or a mix of perio
and open boundary conditions on different cell walls. Ho
ever such a choice is not easily implemented in a liq
crystal simulation, as particles may be ejected if attract
interactions are absent or too weak to hold a droplet toget
If a free surface is used, nearby dislocations will be attrac
toward it by image forces and can annihilate there. Whet
a free surface or a confining wall is used, the material n
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the boundary will likely be different in density and degree
order than material in the bulk. In spite of this proble
nonperiodic boundaries may be preferable because the
not impose topological restrictions on available dislocat
structures.

In conclusion, we have investigated one mechanism
which screw dislocations in a layered material enhance in
layer self-diffusion, by providing barrier-free diffusion path
ways. We find that the ratio of diffusion coefficientsD i /D'

associated with this effect depends linearly on the disloca
s.
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density. In the absence of correlations in the spatial distri
tion of dislocations, the ratio also diverges logarithmica
with system size. These results are confirmed by Mo
Carlo simulation. Our results demonstrate the general p
ciple that transport properties depend sensitively on mic
structure in soft condensed matter.
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